In this article we study some arithmetical functions defined on numbers with a fixed number of primes in their prime factorization. These arithmetical functions are relationed with the divisors of these numbers. We also obtain some results on the distribution of perfect numbers, deficient numbers and abundant numbers with a fixed number of primes in their prime factorization.
Notation and Preliminary Results
The following divisor functions are well-known. For a nonzero integer α we define
the sum of the αth powers of the positive divisors of n. Note that if h is a positive integer, we have
A number n is perfect if and only if We shall need the following well-known theorems. Theorem 1.1 (Prime Number Theorem)Let π 1 (x) be the number of primes not exceeding x, we have π 1 (x) = x log x + o x log x Therefore there exist a constant C 1 such that
be the number of squarefree with just k prime factors (k ≥ 2) not exceeding x, we have
Therefore there exist a constant C k such that
be the number of numbers with just k prime factors (k ≥ 2) not exceeding x, we have
Therefore there exist a constant D k such that
We also shall need the following theorem (see ( [1] , chapter XXII) ) Theorem 1.4 Let c n (n ≥ 1) a sequence of real numbers. Let us consider the function
Suppose that c n = 0 for n < n 1 and suppose that f (x) has a continuous derivative f (x) on the interval [n 1 , ∞], then the following formula holds
2 Square-Free with k prime factors
In this section we are interested in square-free numbers with just k prime factors. A square-free with just k prime factors will be denoted q k . Note that the number of divisors of a square-free with just k prime factors is 2 k .
Theorem 2.1 Let h ≥ 1 and k ≥ 2 arbitrary but fixed positive integers. The following asymptotic formula holds
Proof. We put q k = p 1 p 2 · · · p k , where p 1 < p 2 < · · · < p k are the different prime factors in the prime factorization of q k . We have (see (1) )
where (Theorem 1.2)
and (Theorem 1.1 if k = 2 and Theorem 1.2 if k ≥ 3)
where P k is the product of the first k − 1 primes, thus
Let us consider the nonnegative function of x.
Next, we shall prove that this function is bounded.
We shall denote s n the n-th prime.
If we put x = P k s n into equation (8) then we obtain
where A is a positive constant, since the series
On the interval P k s n ≤ x < P k s n+1 we have
since if s i ≤ s n then the function of x 1 s
is decreasing on the interval P k s n ≤ x < P k s n+1 .
Equations (7) and (9) give
That is
Equations (5), (6) and (11) give (4). The theorem is proved.
Theorem 2.2 Let h ≥ 1 and k ≥ 2 arbitrary but fixed positive integers. The following asymptotic formula holds.
Proof. We use Theorem 1.4. We put c n = 0 if n is not a square-free with just k prime factors and c n = σ −h (n) if n is a square-free with just k prime factors. Therefore we have (see (2) and (4))
If we put f (x) = x h , f (x) = hx h−1 , then we obtain (Theorem 1.4)
That is (12). Note that in this theorem P k is the product of the first k primes. We have used the formula (Integration by parts)
and the limits (L'Hospital's rule)
The theorem is proved.
Lemma 2.3 Let h ≥ 1 and k ≥ 2 arbitrary but fixed positive integers. The following asymptotic formula holds.
Proof. We use Theorem 1.4. We put c n = 0 if n is not a square-free with just k prime factors and c n = 1 if n is a square-free with just k prime factors. Therefore the proof is identical to Theorem 2.2, since (compare with (13))
If we put f (x) = x h , f (x) = hx h−1 , then we obtain (15) (see (14)). The lemma is proved.
Theorem 2.4 Let h ≥ 1 and k ≥ 2 arbitrary but fixed positive integers. The following asymptotic formula holds.
Note that q k is the greatest divisor of q k .
Proof. It is a immediate consequence of Theorem 2.2 and Lemma 2.3. The theorem is proved.
Let us consider the squarefree with k prime factors not exceeding x, the number of numbers in this set is π k (x). Let 0 < ≤ 1 and consider the squarefree with k prime factors not exceeding x such that
Let α k (x) the number of these numbers not exceeding x.
Theorem 2.5 The following limit holds
Proof. we have (see (16) and (10) with h = 1)
Equation (18) and Theorem 1.2 give (17). The theorem is proved. If = 1 (see (16) and the first section) we obtain the perfect numbers and abundant numbers, squarefree with k prime factors not exceeding x. We shall denote χ k (x) the number of these perfect and abundant numbers not exceeding x. Theorem 2.5 becomes.
Theorem 2.6 The following limit holds
Therefore, in the sequence q k almost all numbers are deficient (see the first section).
Numbers with k prime factors
In this section we are interested in numbers with just k prime factors. A number with just k prime factors will be denoted a k . Note that the number of divisors of a number with just k prime factors is bounded.
If the prime factorization of a k is
where q 1 , q 2 , . . . , q s are the different primes in the prime factorization then el number of divisors of a k is
The number of numbers with just k prime factors (k ≥ 2) not exceeding x is denoted ν k (x) (see Theorem 1.3 and compare with Theorem 1.2). Note that the first number with just k prime factors is 2 k . The proofs of the following theorems are the same as in the former section.
Theorem 3.1 Let h ≥ 1 and k ≥ 2 arbitrary but fixed positive integers. The following asymptotic formula holds
Theorem 3.2 Let h ≥ 1 and k ≥ 2 arbitrary but fixed positive integers. The following asymptotic formula holds.
Lemma 3.3 Let h ≥ 1 and k ≥ 2 arbitrary but fixed positive integers. The following asymptotic formula holds.
Theorem 3.4 Let h ≥ 1 and k ≥ 2 arbitrary but fixed positive integers. The following asymptotic formula holds.
Note that a k is the greatest divisor of a k .
Let us consider the numbers with k prime factors not exceeding x, the number of numbers in this set is ν k (x). Let 0 < ≤ 1 and consider the numbers with k prime factors not exceeding x such that d|(p 1 p 2 ···p k )
Let β k (x) the number of these numbers not exceeding x.
Theorem 3.5 The following limit holds
If = 1 we obtain the perfect numbers and abundant numbers with k prime factors not exceeding x. We shall denote δ k (x) the number of these perfect and abundant numbers not exceeding x. Theorem 3.5 becomes.
Theorem 3.6 The following limit holds
Therefore, in the sequence a k almost all numbers are deficient (see the first section).
